Quantum carpets− in position and momentum space− woven by the self-interference of de Broglie wave of an atom or an electron, trapped in an infinitely deep potential well, are explained. The recurrence of self-similar structures in designs of these carpets mimics the phenomena of quantum revivals and fractional revivals. We identify fractional revivals of various order by means of these space-time and momentum-time interference patterns.
I. INTRODUCTION
Quantum world manifests a lot of phenomena which do not have analogous description in classical world− nonclassical phenomena. In general bounded Hamiltonian systems, quantum dynamics of a localized wave packet (WP) exhibits nonclassical features, for instance, quantum revivals and fractional revivals and formation of quantum carpets. An initially well-localized wave packet comprising many energy eigenstates of a system follows classical trajectory in its short time evolution and displays reconstruction after a classical period. Afterwards it spreads during its long time evolution, only to reverse the spreading and reshape after a certain time called the revival time. Originally observed in highly excited electrons in atoms [1] [2] [3] , the phenomenon has been studied in a large variety of scenarios, such as, Gaussian WPs in exactly solvable models systems [4] , temporal evolution of coherent states [5] [6] [7] , periodically driven systems [8] , WP dynamics even at an attosecond time scale [9] , revivals in coherent photon fields [10] or photon lattices [11] , or recently, the propagation of WPs in graphene under magnetic fields [12, 13] and the use of WPs to detect extremely long coherence times [14] . Quantum revivals have also been widely studied over the years in a more mathematical context, with emphasis on obtaining accurate analytical expressions [4, [15] [16] [17] .
The multiple interferences of the WP components lead also to the so-called fractional revivals at divisors of the revival time, which have been predicted [18, 19] and observed in Rydberg WPs [20] or photon bouncing balls [21] . Fractional revivals can retrieve information about the system even if it decays before the first revival [22] . They can be used for mapping the quantum phase of a molecular nuclear WP in two-dimensional spectroscopy [23] , or even to factorize prime numbers [24] . It has also been shown that information entropy in position and momentum spaces can reveal the existence of fractional revivals [25] .
In this article the dynamical recurrences− quantum revivals and fractional revivals− of a Gaussian wave are explored by means of temporal evolution of probability density both in position and momentum spaces. The space-time and momentum-time evolution of the wave packet lead to the formation of highly structured patterns known as quantum carpets. The quantum carpets woven by position space wave packets have been discussed to explain the maximum and minimum probability density profiles [26] [27] [28] and have been used to observe decoherence effects [29] and Talbot effect with matter waves [30] . However, quantum carpets woven by momentum space wave packets have only been discussed in few contexts [31] . Here we show that the designs of quantum carpets reflect self-similar structures after regular intervals of space-time and momentum-time which leads us to identify dynamical fractional revivals. For our analysis we present a large gallery of quantum carpets and analyze the structure of fractional revivals.
The paper is organized as follows. In Sec. (II), we discuss our model system and derive analytic expressions necessary for computing our numerical results. Moreover, we study the structure of quantum revivals and fractional revivals by means of autocorrelation function and present the related simulation results. In Sec. (III), we present a gallery a quantum carpets woven in position and momentum spaces and explore the structure of quantum revivals and fractional revivals by means of these carpets. We conclude our work in Sec. (IV).
II. GAUSSIAN WAVE PACKET IN INFINITELY DEEP WELL
The Hamiltonian of a particle of mass m trapped inside infinitely deep quantum well of length L is given aŝ
where the potential V (x) = 0 if 0 < x < L and V (x) = ∞ otherwise. The energy eigenstates and energy eigenvalues corresponding to the time-independent Schrödinger equation are, respectively, given as
The time-dependent wave function for a localized wave packet is expanded as a superposition of energy eigenstates u n (x) as
The expansion coefficient c n is calculated as where ψ(x, 0) is initial wave packet prepared at time t = 0. The recurrences of the wave packet at different time scales, classical periodicity, quantum revivals and fractional revivals, are conventionally identified by analyzing autocorrelation function [4] defined as
which is an overlap between the time-evolving and the initial wave packets. The modulus squared of the autocorrelation |A(t)| 2 takes a value between zero and one, such that for a complete overlap it is one and for complete dephasing it is zero. For a wave packet which is narrowly peaked around a central value of quantum number n 0 with spread ∆n, such that n 0 ≫ ∆n ≫ 1, we can expand energy eigenvalues, given in Eq. (2), by Taylor's expansion around n 0 as [4] 
where, E
, is the ith derivative of E n with respect to n at n = n 0 . The substitution of expansion (6) in to Eq. (5) leads to identify the periodicities of the wave packet at different time scales. The first term in the expansion only produces a universal phase and does not contribute to the dynamics of the wave packet. However, second and third terms, respectively, define classical period, T cl , and quantum revival time, T rev , given as
such that T cl < T rev . Using the value of E n from Eq.(2), in Eq. (7) and taking the derivatives, the values of classical period T cl = 2mL 2 /n 0h π and quantum revival time
In what follows, we consider an initial Gaussian wave packet
centered at a position x 0 , with a width σ and a mean momentum p 0 . In this case, the expansion coefficients c n , given in Eq. (4), can be approximated with sufficiently high accuracy [4] which is given as
where the region of integration is extended from [0, L] to the whole real axis while obtaining the above result. For the sake of numerical computations, we will take m = L =h = 1. Henceforth, we will consider Gaussian wave packet, given in Eq. (8), with width σ = 0.1 centered at x 0 = L/2 = 0.5 throughout our ongoing analysis. In Fig. (1) modulus square of the autocorrelation function |A(t)| 2 = C(t) for the Gaussian wave packet with different values of initial momentum p 0 are plotted for one revival time T rev , where the horizontal axis is rescaled by classical period such that T = t/T cl . In this Fig. plots are shown for p 0 = 5π, 10π, 30π, 60π, 150π, 250π , respectively, from left-top to bottom-right. It is obvious from the plots that the quantum wave packet revival occurs after (smaller) larger number of classical periods as the value of p 0 is (decreased) increased. This is due to the fact that T rev /T cl = 2n 0 and p n = nhπ/L such that p 0 = n 0h π/L. For a wave packet with initial momentum p 0 = nπh/L, quantum revival occur after 2n (sinceh L = 1)classical periods.
In addition to the complete revival of the wave packet, fractional revivals of various order appear at times t = T rev p/q, where p, q are mutually prime numbers. It is obvious from Fig. (1) that a complete mirror symmetry exists in the structure of fractional revivals about t = T rev /2. Therefore, in order to analyze the fractional revivals we consider a time period equal to T rev /2.
III. QUANTUM CARPETS IN POSITION AND MOMENTUM SPACES
The dynamical behavior of a wave packet can, alternatively, be characterized by means of time evolution of probability density either in position space ρ(x, t) = |ψ(x, t)| 2 or in momentum space γ(p, t) = |φ(p, t)| 2 . The temporal evolution of either of these probabilities, for an initially well localized wave packet, undergoes a series of constructive and destructive interferences which leads to the formation of regular interference patterns known as quantum carpets. Here we present a large gallery of quantum carpets and analyze the structure of fractional revivals by means of these carpets. The time evolution of probability density in position space can be calculated using time-dependent wave packet, given in Eq.(3), as
In order to obtain an analogous expression for time-dependent probability density in momentum space, we first calculate time-dependent momentum-space wave packet by Fourier transform of ψ(x, t) which is given as
where, ϕ n (p) is the momentum space eigenfunction obtained by the Fourier transform of u n (x) as
Using the position-space energy eigenfunctions u n (x), given in Eq. (2), and solving the Fourier integral, given in Eq. (12), the momentum-space eigenfunctions ϕ n (p) are obtained [4] as
FIG. 2. Time evolution of position space probability density ρ(x, t) = |ψ(x, t)| 2 for an initial Gaussian wave packer with momentum p0 = 30π indicating (left to right) classical-like short time evolution which experiences a collapse and rebuilds its fractional copies of different order. where p n = nhπ/L. The time-dependent probability density in momentum space is now given as
In Fig. (2) , the time evolution of position space probability density ρ(x, t) for a Gaussian wave packer with initial momentum p 0 = 30π is plotted for time t = T rev /2 which explains the formation of quantum carpet in position space. It is obvious from the plot (left sub-plot) that a well-localized single peaked probability density of the wave packet evolves quasi-classically during its early time evolution and splits in to multiple sub-peaks after successive bounces with the walls of the deep square well where a self-interference of the wave packet takes place. These multiple subpeaks then evolve in time with their own phases and undergo a series of constructive and destructive interferes (middle sub-plot). This results in the formation of regular arrangement of maximum probability regions− bright fringes known as ridges − and minimum probability regions − dark fringes known as canals − (right sub-plot). During this course of time evolution, fractional copies of the original wave packet appear at times t = T rev p/q with p, q are mutually prime numbers as shown in Fig. (3) . In these plots, fractional revivals of the order T rev /10, T rev /8, T rev /6, T rev /5, T rev /4, and their mirror fractions in the next quarter, can easily be identified. The time evolution of momentum space probability density ρ(p, t) = |φ(p, t)| 2 of the same wave packet, but with p 0 = 15π, is plotted in Fig. (4) for a time window of T rev /2. It is seen that the momentum space carpets mimic different designs as compared to the position space carpets. These carpets also reflect the information of major significant fractional revivals. For the sake of completeness, we present a detailed gallery of quantum carpets, shown in Fig. (5) and Fig. (6) , woven by position space and momentum space wave packets, respectively, excited at different mean quantum numbers n 0 . It is obvious from these plots that the design of the carpets reflects more fine structure as the value of p 0 is increased and therefore the structure of fractional revivals is more prominent.
IV. SUMMARY AND CONCLUSIONS
In this work, dynamical recurrences of quantum wave packets have been discussed and the structure of quantum revivals and fractional revivals have been analyzed by means of temporal evolution of autocorrelation and wave packet (2) with different values of p0 = 5π, 10π, 20π, 30π from left to right, respectively. A time period equal to one full quantum revival, Trev is plotted.
probability densities, both, in position and momentum spaces. The temporal evolution of wave packet probability density, either in position or momentum space, undergoes a sequence of self-interference which leads to the formation of a regular interference pattern, namely, quantum carpets. We present a large gallery of quantum carpets woven by a Gaussian wave packet both in position and momentum spaces. It has been shown that the designs of these carpets reflect the self-similar structures after regular intervals of space-time and momentum-time which leads us to identify the structure of the quantum revivals and fractional revivals.
Due to its analytic simplicity and availability of its exact solutions, the model of particle-in-box has extensively been studied in quantum mechanics which helped to understand a lot of physical phenomena of great importance, for instance, quantum information processing [32] , dynamical behavior of Fermi-Ulam accelerator [33] , temporal stability of generalized coherent states [5, 34] . This model is extremely helpful to understand the dynamical recurrences of the wave packet due to n 2 dependence of its energy spectrum which reflects a nice symmetry in structure of fractional revivals. Our analysis of identifying wave packet fractional revivals by means of quantum carpets can be extended for other systems of more practical interest.
